
Optimal Vehicle Stability Control with Driver
Input and Bounded Uncertainties

Saied	  Taheri,	  Associate	  Professor
Seyed	  Hossein	  Tamaddoni,	  PhD	  (currently
with	  GM)
Mehdi	  Ahmadian,	  Professor
Virginia	  Tech



contents

• ObjecCves

• Dynamics	  Modeling
	  	  	  	  	  	  	  -‐	  Vehicle/Tire	  Dynamics

	  	  	  	  	  	  	  -‐	  Vehicle	  Control	  Systems

	  	  	  	  	  	  	  -‐	  Driver	  Direc7onal	  Control	  Model

• Vehicle	  Control	  Design	  Based	  on	  Game	  Theory
	  	  	  	  	  	  	  -‐	  Con7nuous-‐Time	  Interac7on	  Model

	  	  	  	  	  	  	  -‐	  Discrete-‐Time	  Interac7on	  Model

	  	  	  	  	  	  	  -‐	  Sensi7vity	  Analysis

	  	  	  	  	  	  	  -‐	  Robust	  Interac7on	  Model

• Conclusions

2



research objectives

• Develop	  a	  novel	  vehicle	  stability	  controller	  that

encompasses	  the	  driver	  dynamics

• Develop	  a	  vehicle	  driver-‐controller	  interacCon	  model

• Evaluate	  the	  effecCveness	  of	  the	  suggested	  vehicle	  driver-‐

controller	  model	  *

• Evaluate	  the	  robustness	  of	  the	  proposed	  interacCon

model,	  and	  design	  a	  robust	  controller

*	  It	  needs	  a	  validated	  vehicle	  model	  that	  captures	  the	  essenCal	  dynamics
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handling concept

• Cornering:	  ability	  of	  vehicle	  to	  travel	  on	  curved	  path

• Yaw	  velocity	  gain:

• Understeering	  coefficient:
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vehicle dynamics

• Body	  dynamics

• Wheel/Tire	  dynamics
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tire dynamics

• Body	  dynamics

• Wheel/Tire	  dynamics

 Pacejka	  “Magic	  Formula”	  7re	  model

 LuGre	  7re	  model
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linear 2-DOF vehicle model

• lateral	  posiCon,	  lateral	  velocity,	  yaw	  angle,	  yaw	  rate

7

z!!CG

EY

yv xv

EXEO

, zm I

F!

Fl
Bl

F!

yFf

xFf

yBf

xBf

Fl

Bl

yv

xv

z!!

2 2

0

0

0 1 0

0 0

0 0 0 1

0 0

x

F B F
x

x x st
sw

F FF B F B

st zx x

F B F B

F B F B

z z

c c c
r m

x x

l c
r iv v

v
c l c lv

mv mv

l c l c l c l c
i i

!

!

! ! ! !

! ! ! !

"

# $ # $
% & % &
% & % &
% & % &

= +% & % &
% & % &
% & % &
% & % &

' (% &' (

+ )
) ) )

) +
)

!

( )Tz zx y y ! != !!



traction/braking control systems

• Cruise	  Control

• DifferenCal	  Braking	  Control
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traction/braking control systems

• Cruise	  Control

• DifferenCal	  Braking	  Control
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anti-lock braking system

• prevents	  wheel	  lock-‐up	  during	  braking

• maintains	  vehicle	  stability	  and	  steering
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driver steering control model
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driver-controller interactions

• vehicle	  stability	  =

driver	  decisions	  +	  controller	  performance

• InteracCon	  modeling	  of	  driver-‐controller:
	  	  	  	  	  -‐	  independent	  subsystems

	  	  	  	  	  -‐	  collaboraCve	  subsystems

• In	  this	  research,	  the	  interacCon	  modeling	  of	  driver

steering	  control	  and	  vehicle	  yaw	  control	  is	  studied

based	  on	  “Linear	  QuadraCc	  Game	  Theory”	  approach.
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continuous-time interaction model

• Linear	  bicycle	  model:

• ObjecCve	  funcCon:

• Nash	  equilibrium:
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LQ Game Theory

• Forming	  “Hamiltonian”	  as

subject	  to

where

leads	  to
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simulation

• Vehicle:	  same	  sedan	  vehicle

• Maneuver:	  lane-‐change	  of	  4m	  at	  20	  m/s

• Control	  ObjecCve:	  improved	  handling	  performance

• Driver	  LQ	  structure:

• Vehicle	  controller	  LQ	  structure:
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results

• Game	  Theory:

• OpCmal	  LQ	  Control:

• Scenarios:
	  	  	  	  (A)	  driver:	  LQR	  	  	  &	  	  	  vehicle	  controller:	  turned	  off

	  	  	  	  (B)	  driver:	  LQR	  	  	  &	  	  	  vehicle	  controller:	  LQR

	  	  	  	  (C)	  driver:	  GT	  	  	  	  	  &	  	  	  vehicle	  controller:	  GT
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results: continuous-time model
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discrete-time interaction model

• Linear	  vehicle	  model	  with	  road	  preview

• ObjecCve	  funcCon

where
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discrete LQ Game Theory

• Suppose	  	  	  	  	  	  saCsfy	  the	  coupled	  RiccaC	  equaCons	  for
discrete	  linear	  quadraCc	  games	  given	  by

where	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  and	  	  	  	  is	  the	  counter-‐coaliCon,	  i.e.	  the
player	  counter-‐acCng	  to	  the	  player	  with	  index	  	  	  	  ,	  and

then	  the	  following	  strategy

is	  linear	  feedback	  “Nash	  equilibrium”.
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simulation

• Vehicle:	  same	  sedan	  vehicle

• Maneuver:	  lane-‐change	  of	  4m	  at	  20	  (m/s)

• Control	  ObjecCve:	  improved	  handling	  performance

• Driver/	  Vehicle	  controller	  LQ	  structure:	  same
• Sampling	  Frequency:	  100	  Hz

• IntegraCon	  Frequency:	  10,000	  Hz

• Scenarios:
	  	  	  	  	  1:	  no	  preview	  Cme	  (Tp	  =	  0s)

	  	  	  	  	  2:	  short	  preview	  Cme	  (Tp	  =	  0.3s)

	  	  	  	  	  3:	  long	  preview	  Cme	  (Tp	  =	  1s)
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results: discrete-time model
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µ-sensitivity analysis

Small	  Gain	  Theorem	  [Zames,	  1966]

Consider	  the	  feedback	  interconnec7on:

Suppose	  P	  is	  the	  plant	  and	  let	  γ>0.	  Then	  this	  feedback	  interconnec7on	  is
internally	  stable	  for	  all	  unstructured	  uncertainty	  Δ	  with	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  if	  and
only	  if	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .

Extension	  [Packard,	  1993]
For	  the	  same	  feedback	  interconnec7on,	  assuming	  that	  γ>0,	  this	  feedback
interconnec7on	  is	  internally	  stable	  for	  all	  structured	  Δ	  with	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  if
and	  only	  if	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .

*	  The	  structured	  singular	  value	  of	  P	  with	  respect	  to	  uncertainty	  structure	  Δ	  is
defined	  as
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sensitivity analysis of driver gains

• Effect	  of	  uncertainty	  in	  lateral	  posiCon	  gain
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Bode Diagram: Lateral Position / Corrective Yaw Moment 
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Bode Diagram: Lateral Velocity / Corrective Yaw Moment 
 Uncertain Driver Gain: Lateral Position

Frequency  (rad/sec)
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Bode Diagram: Yaw Angle / Corrective Yaw Moment 
 Uncertain Driver Gain: Lateral Position

Frequency  (rad/sec)
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Bode Diagram: Yaw Rate / Corrective Yaw Moment 
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sensitivity analysis of driver gains

• Effect	  of	  uncertainty	  in	  lateral	  velocity	  gain
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Bode Diagram: Lateral Position / Corrective Yaw Moment 
 Uncertain Driver Gain: Lateral Velocity
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Bode Diagram: Lateral Velocity / Corrective Yaw Moment 
 Uncertain Driver Gain: Lateral Velocity
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Bode Diagram: Yaw Rate / Corrective Yaw Moment 
 Uncertain Driver Gain: Lateral Velocity
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sensitivity analysis of driver gains

• Effect	  of	  uncertainty	  in	  yaw	  angle	  gain
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Bode Diagram: Lateral Position / Corrective Yaw Moment 
 Uncertain Driver Gain: Yaw Angle
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Bode Diagram: Lateral Velocity / Corrective Yaw Moment 
 Uncertain Driver Gain: Yaw Angle
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sensitivity analysis of driver gains

• Effect	  of	  uncertainty	  in	  yaw	  rate	  gain
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Bode Diagram: Lateral Position / Corrective Yaw Moment 
 Uncertain Driver Gain: Yaw Rate
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Bode Diagram: Yaw Rate / Corrective Yaw Moment 
 Uncertain Driver Gain: Yaw Rate
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µ-sensitivity plots
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robust interaction model

• Assume	  that	  uncertainCes	  exist	  in	  driver	  model	  (output)

• The	  uncertainty	  is	  assume	  to	  be	  smooth	  disturbances	  and
bounded	  by

• To	  obtain	  robust	  control	  design,	  the	  “Integral	  Sliding	  Model”
approach	  is	  applied:
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Integral Sliding Mode control design
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:Uncertain Model
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Integral Sliding Mode control design
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Integral Sliding Mode control design
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simulation

• Vehicle:	  same	  sedan	  vehicle

• Maneuver:	  lane-‐change	  of	  5m	  at	  20	  m/s

• Control	  ObjecCve:	  improved	  handling	  performance

• Driver/	  Vehicle	  controller	  LQ	  structure:	  same

• Driver	  steering	  angle	  uncertainty:
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results
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conclusions

• Extension	  of	  discrete	  preview	  driver	  steering	  control
model	  to	  include	  lateral	  velocity	  and	  yaw	  rate	  was
developed

• IntroducCon	  of	  modified	  Cruise	  Control	  and
DifferenCal	  Braking	  systems	  for	  applicaCon	  of	  the
proposed	  control	  algorithm

• A	  new	  structure	  for	  opCmal	  linear	  vehicle	  steering
and	  yaw	  control	  has	  been	  devised	  based	  on	  linear
quadraCc	  Game	  Theory

	  	  	  	  	  	  	  	  	  	  *	  ConCnuous-‐Cme	  interacCon	  model

	  	  	  	  	  	  	  	  	  	  *	  Discrete-‐Cme	  interacCon	  model	  with	  preview-‐Cme

	  	  	  	  	  	  	  	  	  	  *	  Robust	  interacCon	  model	  with	  sensiCvity	  analysis
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Thank	  You!


